We perform nuclear shell model calculations of the neutralino-nucleus cross section for several nuclei in the A = 127 region. Each of the four nuclei considered is a primary target in a direct dark matter detection experiment. The calculations are valid for all relevant values of the momentum transfer. Our calculations are performed in the 3s2d1g 7/2 1h 11/2 model space using extremely large bases, allowing us to include all relevant correlations. We also study the dependence of the nuclear response upon the assumed nuclear Hamiltonian and find it to be small. We find good agreement with the observed magnetic moment as well as other obervables for the four nuclei considered: 127 I, 129,131 Xe, and 125 Te. PACS: 95.35.+d, 95.30.Cq, 14.80.Ly, 21.60.Cs 
I. INTRODUCTION
An ever increasing amount of evidence indicates the existence of large amounts of dark matter in the Universe [1] . Despite this overwhelming evidence, the exact nature of the dark matter remains a mystery. Numerous candidates have been proposed, including both baryonic and nonbaryonic matter [2] . Observations reveal that some of the dark matter in the Galactic halo is baryonic, consisting of MACHO's [3] ; however, present data indicates that MACHO's cannot account for all of the dark matter implied by the Galactic rotation curve [4] . Furthermore, a number of arguments based upon large scale motions in the Universe and large scale structure formation indicate that Ω ≈ 1, which is far in excess of the bounds on Ω Baryon h 2 ≤ 0.026 arising from cosmic nucleosynthesis [5] . All considerations point toward non-baryonic matter comprising a sizable fraction of the Universal density. If this is true, what is the dark matter?
Among the best motivated, and hence highly favored, of the nonbaryonic dark matter candidates is the lightest supersymmetric particle (LSP). Experimental and theoretical considerations indicate that the LSP is a neutralino,χ, consisting of a linear combination of the supersymmetric partners of the photon (γ), the Z (Z), and 2 Higgs bosons (H 1 andH 2 ). Note that theγ andZ are themselves linear combinations of the supersymmetric partners of the neutral W (W 3 ) and B (B) bosons, hence the neutralino composition is typically written asχ
The motivation for supersymmetry (SUSY) arises naturally in modern theories of particle physics [1, 6] , although theχ's potential as a dark matter candidate was not realized until later [7] . For a very large region of SUSY parameter space, neutralinos provide densities that are in accord with the measured value of Ω, thus explaining the dark matter. Theχ is also detectable in at least two ways: indirectly, through the products ofχχ annihilation in the Sun, Earth, and Galactic halo [1, 8] , or directly, via elastic (and inelastic [9] ) neutralinonucleus (χN) scattering in a detector [1, 10] . In either case, the elasticχN scattering cross section is an essential ingredient. In this paper we discuss nuclear structure calculations relevant toχN scattering for several nuclei which are primary constituents of many current and planned direct detection experiments [9, [11] [12] [13] [14] [15] . Physics at three distinct energy scales governsχN scattering. The composition and mass of theχ, and hence its interaction with quarks are fixed near the electroweak scale. The interaction of neutralinos with protons and neutrons is determined by the quark distribution (both spin and density) within the nucleon, which is determined at the QCD scale. At the modest momentum transfers available to dark matter neutralinos theχ interacts with the entire nucleus, not individual nucleons within it. Thus, nuclear structure plays an important role in determining theχN cross section. The uncertainties in the electroweak scale physics (the SUSY part of the problem) are typically handled by considering large sweeps through SUSY parameter space [1, 16] . The QCD scale physics is currently the focus of much study and the relevant nucleon matrix elements continue to be measured with high precision [17] . The necessary nuclear physics is not measurable for most nuclei but is amenable to calculation through a variety of methods. Here we apply the nuclear shell model to the nuclei 127 I, 129 Xe, 131 Xe, 125 Te, and 23 Na (this last nucleus we discuss in an appendix) in order to provide a consistent and correct set of nuclear input physics for determining thẽ χN cross section. TheχN scattering cross section has two distinct terms: a spin-independent, or scalar, term, and a spin-dependent, or axial term. It has been well established that for nuclei with A > 30-50 (A ≡ number of nucleons), the scalar piece of the interaction tends to dominate theχN scattering rate; however, there are significant regions of parameter space where this is not so and the axial rate dominates [1, 16] . The importance of understanding the axialχN interaction is amply demonstrated by a recent SUSY interpretation of a Fermilab scattering event [18] . These papers claim that theχ might be an almost pure higgsino whose couplings to ordinary matter are completely dominated by the axial part. In this paper, we shall deal with the axialχN interaction. The relevant nuclear physics for the scalar interaction is well approximated by a fairly simple form factor, suitable for all nuclei [19, 20] . The axial response is far more complicated and requires detailed nuclear models.
II. NUCLEAR PHYSICS INPUT
A variety of nuclear models have been used to calculate the axial response of nuclei used as targets in dark matter detectors. The conventional nuclear shell model [21] has proven highly successful at accurately representing this response when a reasonable nuclear Hamiltonian is used in a sufficiently large model space [22] [23] [24] [25] . Until recently, both of these ingredients have been absent for nuclei in the 3s2d1g 7/2 1h 11/2 shell, including most of those included in this study. With recent advances in computer power and storage, we can now construct model spaces that contain most of the nuclear configurations that are likely to dominate the spin response of nuclei such as 127 I. Coupled with this ability to perform sufficiently large calculations is the recent development of several realistic nucleonnucleon (nn) potentials [26, 27] . These potentials can then be converted into suitable nuclear interaction Hamiltonians via the G-matrix/Folded Diagram technique [26] . In this paper we consider two such nuclear interactions, one using the Bonn A [26] and the other the Nijmegen II [27] nn potential. The diagonalization of the Hamiltonian was performed using the shell model code ANTOINE [28] .
A. The Hamiltonian
The residual nuclear interaction based upon the Bonn A potential has been described in Ref. [26] . This Hamiltonian has been derived for the model space consisting of the 1g 7/2 , 2d 5/2 , 3s 1/2 , 2d 3/2 , and 1h 11/2 orbitals (which we use in this study). It was originally derived to describe light Sn isotopes (A ≈ 102-110) which have no protons in the space. In order to find good agreement with observables for nuclei with A ≈ 130, the single particle energies (SPEs) were adjusted. We made an initial guess at the SPEs based upon the excited state energy spectra of nuclei with either a single neutron hole in the space ( 131 Sn) or a single proton in the space ( 133 Sb and 125 Sb). These initial SPEs were then used in conjunction with the Two Body Matrix Elements (TBMEs) of the interaction to calculate observables for the nucleus 127 I. We varied the SPEs until reasonable agreement between calculation and experiment was found for the following 127 I observables: the magnetic moment (µ), the low lying excited state energy spectrum, and the quadrupole moment (Q 20 ). This procedure is similar to that performed in Ref. [22] . The magnetic moment is extremely important, as it is the observable most closely related to theχN scattering matrix element and has traditionally been used as a benchmark of a calculation's accuracy. In Fig. 1 , we show the final SPEs used in our calculations. In Table I we show the final calculated values of µ and Q 20 for 127 I vs. the experimental values; agreement is excellent. Once the SPEs are specified, we have a reasonable Hamiltonian to use for the nuclei we are studying.
In order to test the sensitivity of our results to the nuclear Hamiltonian, we have also examined another one, derived from the Nijmegen II nn potential [27] . We have used the codes and methods described in [29] to convert the potential to a usable shell model interaction. The procedure is similar to that used for the Bonn A force. The two sets of TBMEs are generally similar but significant differences do exist. We initially used the same set of SPEs as above but found that a significant lowering of the 1g 7/2 SPE was necessary in order to find agreement with the observables. The SPEs and comparisons with observables for this force are shown in Fig. 1 and Tables I and II.
B. The Model Space
To perform a full basis, positive parity, calculation of the 127 I ground state properties in the space consisting of the 1g 7/2 , 2d 5/2 , 3s 1/2 , 2d 3/2 , and 1h 11/2 orbitals, we would need to have basis states consisting of roughly 1.3 × 10 9 Slater Determinants (SDs). Current, state of the art, calculations (including those presented here) can diagonalize matrices with basis dimensions in the range 1-2×10 7 SDs; clearly severe truncations of the model space are needed. Fortunately, given the size of the model spaces that can be treated, a truncation scheme that includes the majority of relevant configurations can be devised.
Our scheme is best understood by viewing Fig. 1 . As a base configuration, we have for protons: (1g 7/2 2d 5/2 ) 3 (i.e. a total of 3 protons spread among the 1g 7/2 and 2d 5/2 orbitals) and for neutrons: (1g 7/2 2d 5/2 ) 14 + (3s 1/2 2d 3/2 ) 6 + (1h 11/2 ) 4 . We then assign the following values of the "jump" to each orbital: jump(1g 7/2 , 2d 5/2 ) = 0, jump(3s 1/2 , 2d 3/2 ) = 1, and jump(1h 11/2 ) = 2. The differences in these values is the cost of moving particles between the different (sets of) orbitals. Hence, to move a proton from the 1g 7/2 to the 2d 5/2 costs nothing while moving one from the 1g 7/2 to the 3s 1/2 would cost 1 unit of jump (to the 1h 11/2 would cost 2 units). It would cost 2 units of jump to move 2 neutrons from the 2d 3/2 to the 1h 11/2 , etc.... All that remains is to specify the total amount of jump available. In our truncation, we allow protons up to 3 units of jump, neutrons up to 4 units, and a total of up to 4 when adding the jump used by the protons plus neutrons. Thus, if the protons remain in the 1g 7/2 and 2d 5/2 orbitals (as they tend to do), the following neutron configurations are allowed: (1g 7 12 + (3s 1/2 2d 3/2 ) 6 + (1h 11/2 ) 6 . If 1 or 2 protons are excited out of the 1g 7/2 and 2d 5/2 orbitals, the last 2 neutron configurations are not allowed. In this truncation, the m-scheme dimension of the 127 I model space is about 3 million SDs. Our results indicate that this space is more than adequate to describe the ground state properties of the nuclei considered. As mentioned above, our calculation of the observables agrees well with experiment. The major potential problem with this model space would be if it failed to allow enough neutron excitations into the 1h 11/2 orbital . It allows at most 8 neutrons out of a possible 12 in that orbital. In Table III we present the occupation numbers for 127 I. We see that our interactions do not seem to prefer excitation of more than one extra neutron pair to the 1h 11/2 . Most configurations have six neutrons in that orbital, while eight are allowed. Hence, our model space is more than adequate.
For the two Xenon isotopes considered (A = 129 and 131), we have used exactly this truncation scheme. For 125 Te we used this scheme and also one where the total jump and total neutron jump was 6 (instead of 4). Very little difference was noticed for the two truncations. In this paper we present the results for the larger truncation since it should be slightly more realistic.
III. RESULTS

A. The Zero Momentum Transfer Limit
Neutralinos in the halo of our Galaxy are characterized by a mean virial velocity of, v ≃ v ≃ 300 km/sec = 10 −3 c. The maximum characteristic momentum transfer inχN scattering is q max = 2M r v where M r is the reduced mass of theχN system. If the product q max R is small (≪ 1), where R is the nuclear size, the matrix element for spin-dependent χN scattering reduces to a very simple form [1, 19] 
where
is the total nuclear spin operator, k is a sum over all nucleons, and a p , a n areχ-nucleon coupling constants which depend upon the quark spin-distribution within the nucleons and on the composition of theχ. Much of the uncertainties arising from electroweak and QCD scale physics are encompassed by a p and a n . The normalization C involves the coupling constants, masses of the exchanged bosons and various LSP mixing parameters that have no effect upon the nuclear matrix element. Eq. (2) has often been written as
Examples of the fullχN cross section can be found in Refs. [1, 19, 22] . Equations (2) (3) (4) (5) show that theχ couples to the spin carried by the protons and the neutrons. The matrix element (2) is similar to the magnetic moment operator:
The free particle g-factors are given by: g
.586, and g l p = 1 (in nuclear magnetons). Given the similarities of eqs. (2) and (6), it is no surprise that µ is often used as a benchmark on the accuracy of the calculation of S p and S n in Λ. We follow that prescription as well. In the following section we will briefly outline some problems with this procedure.
In Table II we present the values for: Te. We also include the experimentally measured magnetic moment, it is apparent that agreement is quite good for all nuclei. A number of other calculations of these quantities appear in the literature, and we include summaries of these calculations in the table as well. The following abbreviations are used for the various nuclear models: Bonn A ≡ our calculation using the Bonn A derived force, Nijmegen II ≡ our calculation using the Nijmegen II derived force, OGM ≡ the Odd Group Model [30] , IBFM ≡ the Interacting Boson Fermion Model [31] , ISPSM ≡ the Independent Single Particle Shell Model [32] , TFFS ≡ the Theory of Finite Fermi Systems [33] , and QTDA ≡ the Quasi Tamm-Dancoff Approximation [20] . In most previous experimental analyses, the OGM values have been used [12, 13] .
Examining our results for S p and S n in Table II and comparing them to results from other nuclear models reveal several interesting facts. In almost every instance, our results show that the spin |S i | (i = p, n) carried by the unpaired nucleon is greater than that found in the other nuclear models (except for the ISPSM, where |S i | is maximal). Despite our larger values for |S i |, our calculations have significant quenching of the magnetic moment and are in good agreement with experiment in all cases (see the later section on quenching). The reason that we find larger values of |S i | for the odd group is due to the fact that we allow more excitation of the even group of the nuclei; allowing them to be a major contributor to the total nuclear spin:
The naive expectation for L n in the Bonn A calculation of 127 I is zero. We find L n = 0.779, L n is responsible for over 30% of iodine's total angular momentum (J = 5 2 ). This explains both the large quenching of µ (L n does not contribute to µ since g l n = 0) and the large value of S p found. We note that most previous experimental analyses used the OGM value for 127 I, S p = 0.07. Our results give a factor of ∼ 20 increase in iodine's sensitivity to spin-dependent scattering over that previously assumed. Due to the form factor suppression (discussed below) a sodium iodide detector's [11, 13] spin response is still dominated by 23 Na but not to the extent previously thought. For the remainder of the nuclei considered Table II also reveals increased scattering sensitivity, although the factor of increase is much more modest.
B. Quenching and Uncertainties
As we noted earlier, the comparison of the computed magnetic moment vs. the experimental value has been used as the primary (and in some cases, only) indicator of a calculation's reliability. This seems quite reasonable in light of the similarities between the matrix elements in eqs. (2) and (6) . This prescription is not without several potential problems [22, 34] . Not only does µ depend upon the orbital angular momentum L i but the spin angular momentum S i is subtly different. TheχN matrix element (6) results from the non-relativistic reduction of the axial-vector current. Because of this, it is not strongly affected by meson exchange currents (MECs). The magnetic moment's spin operators, S i , are a result of the non-relativistic reduction of the vector current. They can be strongly affected by MECs [23, 34] . The effects of MECs upon µ is typically lumped together with several other effects to give effective g-factors [35, 36] . Unfortunately, there is no hard and fast rule as to what effective g-factors are the best. We have chosen to remain with the free particle g-factors. As an example of the potential uncertainties this ambiguity leads to, we have also included, in Table II , the calculated magnetic moment for our nuclei using a reasonable set of effective g-factors. The "quenched" magnetic moments are the values in parentheses in the table and the effective g-factors used are: g A related concern involves the quenching of the (isovector) Gamow-Teller (GT) g-factor, g A [22, 34] . The spin term of the GT operator also comes from the axial vector current and thus is closely related to the spin operators in eq. (6) . Its is well established that most nuclear model calculations of GT strength require a reduction of g A of order 20% [21] . Whether this quenching of g A should also be applied to a 1 (the isovectorχ-nucleon coupling constant) is unknown [34] . Since there is no real guidance, and our magnetic moments agree well with experiment, we do not believe that any extra quenching of the spin matrix elements (or equivalently the coupling constants a 0 and a 1 ) is desirable for these nuclei when calculatingχN scattering rates. Nonetheless, as pointed out in Ref. [34] it is useful to keep these potential uncertainties in mind when calculating scattering rates.
C. Finite Momentum Transfer
When the LSP was first proposed as a viable dark matter candidate, its preferred mass was between 5 and 10 GeV [7] . With a mass of this order and a typical galactic halo velocity (v ≃ 10 −3 c), the neutralino's total momentum (q ∼ M r v ∼ 10 MeV) was small compared to the inverse of the nuclear size (1/R ∼ 1/1 fm ∼ 200 MeV) and the zero momentum transfer limit was appropriate for studies ofχN scattering. Since then, experiments at accelerators have pushed the allowedχ mass, mχ, to larger values (there are ways around this if some of the theoretical assumptions are relaxed [37] ), and it has been shown that heavyχ's are just as viable as a dark matter candidate as the lighter ones [38, 39] . As mχ becomes larger than a few 10's of GeV the product qR starts to become non-negligible and finite momentum transfer must be considered for heavier nuclei.
The formalism for elasticχN scattering at all momentum transfers has been developed in Refs. [19, 20] . Here, we follow precisely the definitions used in [22] . It is a simple matter to go from our definitions to those used in Ref. [1] . The formalism is a straight forward extension of that developed for the study of weak and electromagnetic semi-leptonic interactions in nuclei [40] . The differentialχN cross section is given by
where S(q) is the spin structure function
T el5 (q) and L 5 (q) are the transverse electric and longitudinal multipole projections of the axial-vector current operator [40] . The double vertical lines imply that these are the reduced matrix elements of these operators. For their explicit form in theχ context, see [19, 20, 22] . In the limit of zero momentum transfer S(q) reduces to
The reduced matrix elements of the multipoles in eq. (8) are easily evaluated in the harmonic oscillator basis in the nuclear shell model [40] . With the exception of the calculation of the 27 Al structure function in [23] all calculations of S(q) have used bases of these harmonic oscillator wave functions. In this paper, we have used the more realistic Wood-Saxon wave functions to evaluate eq. (8) . To specify the wave functions, we use the parameters recommended in [41] . We have used the codes from [42] to calculate the actual wave functions. We have also calculated the Bonn A structure function for 127 I using harmonic oscillator wave functions. The differences in the two prescriptions are significant at very large momentum transfers but are minor at most relevant values of of the momentum transfer (q).
It is useful (and traditional) to use the isospin convention instead of the proton-neutron formalism when discussingχN scattering at finite momentum transfer. Writing the isoscalar coupling constant as a 0 = a n + a p and the corresponding isovector coupling constant as a 1 = a p − a n we may split S(q) into a pure isoscalar term, S 00 , a pure isovector term, S 11 , and an interference term, S 01 , in the following way:
Using this decomposition of S(q) it is a simple matter to derive the structure function for ã χ of arbitrary composition. Two factors contribute to the maximum allowed momentum transfer. As mχ becomes much greater than the nuclear mass, m N , the reduced mass asymptotes to M r → m N . Also, theχ's have a Maxwellian velocity distribution in the halo and some will possess velocities significantly greater than v ≃ 10 −3 c. A maximum velocity of v max ≃ 700 km/sec (slightly greater than Galactic escape velocity [14] ) implies maximum momentum transfers of q max (A ∼ 127) ≃ 550 MeV. This value is not small compared to the inverse nuclear size. In a harmonic oscillator basis, the fiducial nuclear size is set by the oscillator parameter, b = 1 fm A 1/6 = (1/197.327MeV)A 1/6 . In order to maintain contact with previous literature [22, 23] we retain b as the size parameter in our Wood-Saxon evaluations of S(q). We do, however, use a slightly better, empirical, parameterization of b 2 . For y ≪ 1 the effects of finite momentum transfers are small; for y ≥ 1 the effects are quite noticeable. For these nuclei y max = (q max b/2) 2 ≃ 10 ≫ 1, hence nuclear form factors are extremely significant. These extremely large values of y are only valid for extremely massiveχ's moving near escape velocity. A more realisticχ, with mχ = 100 GeV moving at v would have y max ≃ 0.4.
In order to cover all of the relevantχ parameter space, we have evaluated the structure functions all the way to y = 10 for the nuclei studied. This presents a problem, in that it has become standard to present structure functions as polynomials in y of order 6 or less.
(A structure function of this sort can easily be incorporated into the code Neutdriver of Ref. [1] .) We could find no suitable fits of this form valid out to values of y = 10. We have addressed this in two ways. In appendix B we present fits of the structure functions S 00 , S 01 , and S 11 as 6th order polynomials in y. These fits are only good for values of y < 1. They should NOT be used beyond this value as they give meaningless results. In order to accurately represent S(q) at all relevant momentum transfers, we have had to resort to a somewhat more complicated functional form. In a harmonic oscillator basis, the matrix elements of the operators T el5 (q) and L 5 (q) are precisely represented as polynomials in y times a factor of exp(-y
We relegate the remaining formulae to appendix C. The various fits can be acquired in a form suitable for inclusion in a Fortran program by contacting one of the authors. In Fig. 2 Fig. 3 we show the full structure function of 127 I out to y = 10. In Fig. 4 panels A-D, we show the full structure functions for a pureB (Z 1 = 1, Z 2 = Z 3 = Z 4 = 0) for each of the nuclei out to a value of y = 2. In these figures each function has been normalized to the value S(y = 0) = 1 in order to highlight the similarities and differences in the shapes of the structure functions. In our definition of theB we use the older, EMC, values of the spin content of the proton. This convention makes it easier to compare our work to previous work on 131 Xe [20, 44] . The precise values of a p and a n (or a 0 and a 1 ) can be found in [22] ; the ratio is: a 0 /a 1 = 0.297.
In Figs. 4 and 5 all of the structure functions have been normalized to S(y = 0) = 1 to highlight their similarities and differences. In order to correctly gauge the true differences between the various S(q), the different normalizations must be taken into account. This is easily done by using eq. (9) and Table II The line labeled Phenomenological above and in the figures requires some explanation. This is a shape for a general structure function postulated and used in Ref. [13] . It is apparent from the figures that this approximation does a reasonable job in reproducing S(q) for y ≤ 2. It is clearly inadequate for larger values of the momentum transfer. Below y = 2, its shortcomings are also clear but any result derived using this parameterization of S(q) for 127 I should not be far off. The overall 127 I axial result of Ref. [13] is another matter, as that paper normalizes to the OGM at y = 0. As we have shown, that model severely underestimates S(0).
While the parameterization of S(q) in [13] is adequate for 127 I (although we now advocate the use of the 127 I structure functions presented in the appendices), it is not applicable for all nuclei. The flattening observed in S(q) near y = 1 is the result of higher order multipoles becoming important in eq. (8) . For 127 I the L = 1, 3, 5 multipoles all contribute to S(q). For small y (≪ 1), the structure function is dominated by the L = 1 multipole. For y ≥ 1, all three multipoles contribute and the higher order multipoles dominate. For J = Hence, an approximate form like that in [13] is clearly inappropriate in these cases. In Fig. 6 we show the Bonn A derived structure functions for a pureB for all four nuclei. It is obvious that they can not all be fit by a single, simple, parameterization. Figs. 4 and 5 do show that the pure single particle form factor also does an acceptable, but not compelling, job of representing the structure functions at all momentum transfers if correctly normalized at y = 0. The correct single particle form factor can be easily found by using the tables in the paper by Donnelly and Haxton of Ref. [40] .
Examining the structure functions for 125 Te and 129 Xe in Fig. 6 illustrates an interesting feature. Both of these nuclei are J = nuclei with an unpaired neutron. In the ISPSM both of these nuclei would be represented by a neutron in the 3s 1/2 orbital and have virtually identical properties. Table II shows that the magnetic moments are quite similar but that the distribution of the angular momentum in each nucleus is quite different. This is most obvious in the orbital angular momentum L i where the two distributions are quite different. Fig. 6 reveals that while the structure functions have definite similarities, there are significant differences as well. We point all of this out to highlight the fact that seemingly very similar nuclei can have very different properties when examined in detail. If precise information on the spin distribution of a nucleus is required, detailed calculations must be performed.
It is also useful to consider differences in S(q) that are the result of different nuclear models. S(q) has been calculated for 131 Xe in the context of two other nuclear models, the QTDA [20] and the TFFS [44] , as well as here. In Fig. 7 we show S(q) for a pureB as a function of q 2 for 131 Xe. This figure is meant to be a direct analog of Fig. 2 in Ref. [20] and Fig. 3 of Ref. [44] . Examining the 3 figures yields some interesting conclusions. All three calculations show significant quenching compared to the single particle estimate. The spin distribution between the QTDA and TFFS is somewhat different while the full structure functions are quite similar. While the values for S n differ very little between our work and the QTDA, the difference in the values of S(0) is almost a factor of 2 between the two calculations. Finally, it should be noted that both the QTDA and TFFS calculations of S(q) asymptote to the single particle structure function. This is not the case in our calculations, which are well below the single particle estimate for all values of q 2 . This can also be seen in Ref. [34] where our values of S ij (q) for the Bonn A calculation are compared to those of the QTDA calculation. In that comparison, it is apparent that the shell model derived structure functions have a much steeper fall off as a function of q 2 . Finally, we mention the difference between the structure functions derived using Wood-Saxon wave functions vs. those derived using a harmonic oscillator basis. In Fig. 4 panel A and Fig. 5 we show the structure functions for 127 I using both sets of basis states. Significant differences between the two sets are apparent for extremely high momentum transfers but in the range that is most relevant for dark matter detection there is little difference.
In this section we have discussed the formalism of, and presented our results for, thẽ χN axial structure function for several nuclei involved in dark matter detectors. Accurate fits which are suitable for use in calculating event rates in detectors are presented in the appendices. Several interesting features of the functions have been noted and it is apparent that no single simple parameterization of S(q) is suitable for all nuclei. Finally we have compared our results to other calculations of 131 Xe structure functions and noted several similarities and differences that arise from different nuclear models.
IV. DISCUSSION
In this paper we have calculated the full axial response for several heavy nuclei used in a number of direct dark matter detection experiments. With this set of structure functions, there now exists accurate calculations of the axialχN response to most, if not all, nuclei used as targets in dark matter detectors. We have used the largest model spaces practical in conjunction with realistic nuclear Hamiltonians to construct our wave functions. Two different nuclear Hamiltonians have been used in order to investigate the sensitivity of our results to this particular input.
The differences in the response due to the two forces is clearly visible in Table II and Figs. 2-6 . In all cases, reasonable agreement between calculation and experiment for the magnetic moment (using free particle g-factors) is achieved. It is obvious from the table that the differences between the two calculations are non-trivial but that they are quite a bit smaller than the differences coming from the use of alternate nuclear models. This shows that the interaction is not the primary uncertainty in calculations of theχN nuclear response.
We have also attempted to examine the uncertainty due to the nuclear model chosen. A number of calculations of 131 Xe's response have been performed. We find that our calculations are in reasonable agreement with other studies of the spin distribution and finite momentum response but distinct differences do exist. In the case of 131 Xe it is not immediately obvious which calculation is to be preferred. The calculations presented here contain more excitations within the model space and use more modern and realistic nuclear interactions than the others in the literature. By restricting excitations within this model space, the calculations presented in [20] included excitations out of the space that we worked within. Both calculations reproduce the magnetic moment well, with the QTDA calculation doing slightly better. (We note that the QTDA model, and a refined version of it, have been applied to 127 I and was unable to reproduce the magnetic moment with sufficient accuracy [45] .)
Another improvement incorporated into these calculations of S(q) is the use of WoodSaxon wave functions to evaluate the multipole operators in eq. (8) . The Wood-Saxon wave functions made a significant difference at extremely high momentum transfers when compared to the usual harmonic oscillator wave functions. At the more modest momentum transfers typical of "average" neutralinos, the difference is found to be small. Now that these structure functions are available, we hope that they will be used by all experiments based upon the materials that we have studied. This will facilitate comparisons between different groups. To date, each experiment has used different structure functions in their analyses. A first step in this direction has already been taken by one group. The most recent analysis of the experiments based in the Gran Sasso laboratory uses the 127 I and 129 Xe structure functions presented here [11] . We hope that other groups will follow suit so that all future results can be compared on equal footing. TABLES   TABLE I . The calculated magnetic and quadrupole moments of 127 I compared to experiment for calculations using both effective interactions. For the quadrupole moment, effective charges of e p = 1.5e and e n = 0.5e have been used. The magnetic moment calculations use the free particle g-factors. We also include the ISPSM estimates of the quantities in order to illustrate the quenching obtained. [30] . IBFM is the Interacting Boson Fermion Model of [31] . TFFS is the Theory of Finite Fermi Systems calculation of [33] . QTDA is the Quasi Tamm-Dancoff Approximation of [20] . Here, as elsewhere in the paper, we take the matrix elements of the operators between the maximally stretched states, e.g. S p ≡ J, M J = J|S p |J, M J = J . A blank entry means that the value of that particular angular momentum component was not presented in the reference. An entry of N/A in the magnetic moment column implies that the experimental magnetic moment was used to find the values of spin S p or S n shown. Calculations of the magnetic moment using effective g-factors as described in the text are given in parenthesis. All of the current dark matter detectors which use iodine as a target also use sodium. The detectors are large sodium iodide (NaI) crystals [14] . Since a detailed calculation of the axial response of 23 Na has not appeared in the literature, we present one here. The nucleus 23 Na lies in the middle of the sd shell and therefore is amenable to the same methods applied to other sd-shell nuclei. For our calculation we perform the exactly analogous calculation to those done for 29 Si in Ref. [22] and 27 Al in [23] ; including the use of harmonic oscillator wave functions. The details of the calculation can be found in the above references.
For 23 Na we use an oscillator parameter of b = 1.6864 fm = (1/117.01)MeV −1 . For our adopted maximum halo velocity of v = 700 km/sec we have y max = 0.1875. A breakdown of the angular momentum along with a comparison of the measured and calculated magnetic moments is presented in Table IV ; agreement is excellent. Table IV also shows a significant difference in S p from that predicted in the OGM. Finally, in the following equations we present fits to the structure functions S ij (q) as 3rd order polynomials in y which are highly accurate to values well past y max . The fits to S(q) in this appendix are only valid for y ≤ 1. The fits are presented as tables of the coefficients of 6th order polynomials in y: S ij (q) = 6 k=0 C k y k . The first column gives the order of y k then next 3 columns give the corresponding values of the C k for S 00 , S 01 , and S 11 for the Bonn A calculation. The last 3 columns present the results for the Nijmegen II calculation in the same manner. The fits to S(q) in this appendix are good for all values of y ≤ 10. The fits are presented as tables of the coefficients of 8th order polynomials in y plus a term included to mimic the Goldberger-Trieman term present in the longitudinal multipole [20] , all multiplied by a factor of exp(−2y) : The results using both effective interactions are plotted. Accurate fits to these structure functions can be found in Appendices B and C. A) S ij (q) for 127 I; the ordering is: S 01 > S 00 > S 11 for each force. B) S ij (q) for 129 Xe; the ordering is: S 00 > S 11 > S 01 for each interaction. C) S ij (q) for 131 Xe; the ordering is: S 00 > S 11 > S 01 for each interaction. D) S ij (q) for 125 Te; the ordering is: S 00 > S 11 > S 01 for each interaction. Fig. 2 . Here we have extended S ij (q) out to y = 10 and chopped off much of the initial fall off from S ij (0) in order to highlight the similarities and differences between the two sets of structure functions.
FIG. 3. Another view of panel A in
FIG. 4.
The spin structure function S(q) for a pureB (a 0 /a 1 = 0.297) for the 4 nuclei considered. Wood-Saxon (W.S.) wave functions have been used. The results using both effective interactions are plotted. Additionally, the pure single particle estimate of S(q) with harmonic oscillator (H.O.) wave functions is included for comparison. All structure functions have been normalized to S(0) = 1 in order to better compare their intrinsic shapes. To truly compare the differences the functions need to be normalized using Eq. (9) and the values in Table II . A) S(q) for 127 I. Also included for comparison is the S(q) used in [13] and the results for the Bonn A interaction using H.O. wave functions. B) S(q) for 129 Xe. C) S(q) for 131 Xe. C) S(q) for 125 Te. Fig. 4 . Here we have extended S(q) out to y = 10 and chopped off much of the initial fall off from S(0) in order to highlight the similarities and differences between the various structure functions. 
FIG. 5. Another view of panel A in
FIG. 7. The 131
Xe structure function for a pureB. The single particle structure function has been normalized to S(0) = 1. The Bonn A and Nijmegen II calculations have been correctly normalized relative to the single particle model. This figure is a direct analog of, and should be compared to, Fig. 2 of Ref. [20] and Fig. 3 of Ref. [44] . The major differences between these calculations and those of [20] and [44] are: We find S(0) ≃ 0.4-0.5 vs. their values of S(0) ≃ 0.25 and both of the other model's structure functions asymptote to the single particle model for q 2 > 0.02 GeV 2 while these calculations stay well below the single particle model. 
